We use the Kubo formalism to evaluate the contribution of acoustic-phonon exchange to the frictional drag between nearby two-dimensional electron systems. In the case of free phonons, we find a divergent drag rate ( D Ϫ1 ). However, D Ϫ1 becomes finite when phonon scattering from either lattice imperfections or electronic excitations is accounted for. In the case of GaAs quantum wells, we find that for a phonon mean free path l ph smaller than a critical value, imperfection scattering dominates and the drag rate varies as ln(l ph /d) over many orders of magnitude of the layer separation d. When l ph exceeds the critical value, the drag rate is dominated by coupling through an electron-phonon collective mode localized in the vicinity of the electron layers. We argue that the coupled electron-phonon mode may be observable for realistic parameters. Our theory is in good agreement with experimental results for the temperature, density, and d dependence of the drag rate.
I. INTRODUCTION
Interactions between particles are a cornerstone of much of today's research in physics. In nuclear and high-energy physics, the effects of these interactions can be probed directly through scattering experiments. In condensed-matter physics, interparticle interaction effects are enriched by the close proximity of other particles giving rise to a plethora of fascinating phenomena. However, direct measurement of these interactions in a condensed-matter system is often a more difficult exercise, because of the indirect way in which scattering amplitudes are related to observables.
Some time ago, Pogrebinskii and later Price 1 proposed the following direct probe of interparticle interactions through a transport measurement. Place two two-dimensional ͑2D͒ electron films close enough together and draw a current in one film. Through interlayer interactions, net momentum is transferred to electrons in the adjacent film, inducing a current there which can be measured. Due to technological difficulties in contacting the individual layers, decades passed before the first frictional drag experiment between 2D and three-dimensional ͑3D͒ layers was performed. 2 The first experiments on this phenomenon between two 2D systems, as originally envisaged in Ref. 1, were performed by Gramila et al. for two electron layers, 3, 4 and by Sivan, Solomon, and Shtrikman for an electron-hole system. 5 In these experiments a current is drawn in the first layer, while the second layer is an open circuit. Instead of a current in the second layer, there will be an induced electric field that opposes the ''dragging force'' from the first layer. The transresistivity J 21 is defined as the ratio of the induced electric field in the second layer to the driving current density in the first,
The stronger the interlayer interaction, the larger the magnitude of the transresistivity. ͑In this paper, we shall treat isotropic systems at zero magnetic field, hence J 21 is diagonal͒. The transresistivity is often interpreted in terms of a drag rate which, in analogy with a Drude model, is defined by D Ϫ1 ϭ 21 n 1 e 2 /m*, where n 1 is the electron density of the driving layer and m* is the electron effective mass.
These experiments spurred a large body of theoretical work both on electron-hole systems 6 and on electron-electron systems. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Most of this work focused on interlayer Coulomb interaction, the most obvious coupling mechanism and the one considered in the original theoretical papers.
1 However, it was clear from the start that the experimental results were inconsistent with a purely Coulomb interlayer interaction, which predicted a low-temperature 
͑2͒
where is the Riemann zeta function, d is the interlayer separation, k F,i is the Fermi wave vector for layer i, and q TF is the Thomas-Fermi screening wave vector of the 2D electron gas. This expression is based on the random-phase approximation ͑RPA͒ for the screened interlayer Coulomb interaction and applies for q TF dӷ1 and k F,i dӷ1.
From inspection of Eq. ͑2͒, one notes three important characteristics of the Coulomb drag for low temperatures: ͑1͒ the scaled transresistivity 21 (T)/T 2 is a constant; ͑2͒ 21 is a monotonically decreasing function of the density of either layer ͑so long as k F,i dӷ1͒; and ͑3͒ 21 ϰd Ϫ4 . The experimental results at around 2-3 K, on the other hand, showed 3,4,18 ͑1͒ a well-defined peak in the 21 (T)/T 2 , ͑2͒ a local maximum in 21 near equal layer densities and ͑3͒ an approximately d-independent residual 21 , after subtraction of the Coulomb contribution which can be identified experimentally by its simple d and T dependencies. Furthermore, the experimentally measured magnitude of 21 was generally larger by about a factor of 2 than the value predicted by the Coulomb interaction alone. Another momentum-transfer mechanism was clearly involved.
From the outset it was understood that exchange of acoustic phonons was the most likely candidate for this second momentum-transfer mechanism. Exchange of phonons often dominates electron-electron scattering contributions to the resistance of bulk metals. 19 The peak in the temperature dependence of 21 (T)/T 2 is reminiscent of features in the temperature dependence of the acoustic-phonon-limited mobility, and occurs around the Bloch-Grüneisen temperature T BG ϭ2k B Ϫ1 បc l k F associated with the acoustic-phonon modes. ͑c l is the longitudinal acoustic-phonon velocity.͒ The phase space available for scattering is largest for 2k F transfers, partially explaining the enhanced drag when k F,1 ϭk F,2 . Finally, the long-ranged exchange of phonons between electrically isolated systems is not an unknown phenomenon. Exchange of phonons between two 3D systems separated by ϳ100 m was observed previously, 20 and related effects are expected to be observable in a superlattice if the driving electron layer is hot. 21 The theoretical challenge is to explain the magnitude of the observed drag and its dependence on layer separation and density.
Since interactions of acoustic phonons with electrons are relatively weak in GaAs, the fact that phonon-mediated and Coulomb contribution to the drag are often comparable seems mysterious. However, we show below that the obvious calculation, in which a free-phonon propagator substitutes for the Coulomb interaction, leads to a divergent drag resistivity. The large but finite drag rates which are observed experimentally can be explained in terms of scattering and interaction effects which alter the phonon propagator.
Despite the apparent importance of phonon exchange in drag measurements, there has been less theoretical work on this mechanism than on the Coulomb coupling mechanism. An incoherent phonon exchange model studied by Gramila et al. produced a drag rate which was too weak to account for the observed transresistivity. 4 Tso, Vasilopoulos, and Peeters 9 addressed the question of whether exchange of virtual phonons could make a contribution strong enough to explain the magnitude of the transresistivity, but did not use an electron-phonon coupling model which is realistic for GaAs/Al x Ga 1-x As systems. Zhang and Takahashi 10 included all relevant phonon contributions; however, due to an incorrect effective two-dimensional electron-phonon interaction, they predicted a short-range phonon-mediated drag. In spite of the use of radically different models for the phononmediated process, both these calculations yielded a temperature dependence for the drag in reasonable agreement with experiment. The similarity is not surprising because of the common appearance of the Bloch-Grüneisen temperature scale associated with the acoustic-phonon mode. Comparable features in the drag, associated with plasmon modes of the electronic system, were predicted 14, 16 and observed 22, 23 at higher temperatures.
In this paper we report on a detailed examination of the phonon exchange mechanism for drag, using a model which we believe to be quantitatively reliable for GaAs/AlAs quantum-well systems. We address the distance, temperature, and density dependence of the transresistivity. We show that two different regimes of layer separation dependence can occur, depending on the phonon mean free path and the electron-phonon coupling constant. We demonstrate the existence of a coupled electron-phonon mode, which for long phonon mean free paths leads to a large enhancement of the drag.
The outline of the paper is as follows. In Sec. II we use a Kubo linear-response formalism to obtain a formula for the transresistivity which is sufficiently general to permit the incorporation of a finite phonon mean free path and renormalization of the phonon propagator due to coupling to the electronic layers. In Sec. III we discuss the phonon-mediated e-e interaction, and explain how the relatively weak electronphonon interaction can lead to a surprisingly large contribution to the drag. The two different regimes of l ph are discussed in Secs. IV and V, where approximate expressions for 21 are derived, and special attention is paid to the layer separation dependence of the drag. Detailed numerical results are presented in Sec. VI before we conclude in Sec. VII with a summary of results.
II. FORMALISM
Identical theoretical expressions for the drag rate due to Coulomb interactions were obtained in several different ways. The most physically transparent derivation was based on semiclassical transport theory. 11 More elaborate fully quantum mechanical-derivations based on memory function 12 or Kubo formula approaches 13, 15 yield identical results for the large k F l limit at zero magnetic field but are more flexible and, in particular, can be applied in the presence of an external magnetic field. ͑Here l is the electronic mean free path.͒ We show below that at lowest nonvanishing order in the electron-phonon interaction, phonon exchange yields an infinite result for the drag rate. The Kubo formula approach, which we use in this paper, is most convenient when interlayer interactions need to be treated beyond leading order, because of the powerful diagrammatic perturbation theory expansion available to evaluate the influence of interaction terms on the appropriate current-current correlation function. The required calculation is an adaptation of those described in Refs. 13 and 15, and is outlined below.
A. Electron-phonon interaction Hamiltonian
We consider frictional drag between two GaAs quantum wells. We define the plane of the quantum wells as the x-y plane. The distance between the centers of the two quantum wells is d, and the width of the two wells is L. We assume that the electron number densities in each well, n 1 and n 2 , are such that only one subband of the quantum well is occu-pied. The formalism can easily be generalized to accommodate more occupied subbands.
We include interlayer and intralayer Coulombic electronelectron interactions and the coupling of electrons in either layer to the 3D phonons of the semiconductor host. 24 We denote 3D wave vectors by upper case letters, and their projection onto the x-y plane by the corresponding lower case letter so that Qϭ(q,Q z ). The electron creation ͑annihilation͒ operator in layer i is ĉ i † (k) ͓ĉ i (k)͔ with implicit spin indices, the phonon creation ͑annihilation͒ operator for polarization is â ,Q † (â ,Q ), and the subband wave function of electrons in well i is i (z). With these definitions, the electron-phonon interaction contribution to the Hamiltonian is given by
where V is the normalization volume,
and M (Q) is the bulk electron-phonon coupling constant. At temperatures much lower than the Debye temperature, one can neglect the Umklapp process in the electron-phonon interaction Hamiltonian.
B. Kubo formula transconductivity
The Kubo formula for linear response offers an expression for the transconductivity tensor which is defined by
In the absence of magnetic fields, J 2 and E 1 will be antiparallel, and J 21 is a diagonal 2ϫ2 tensor. The derivation sketched below for 21 is very similar to the one given previously in Ref. 15 , in which the reader can find further details. The transconductivity is given by 21 ␣␥ ͑k,⍀͒ϭ ie
where ⌸ 21
␣␥,ret
(k,⍀) is the Fourier transform of the retarded current-current correlation function, and ␣ and ␥ are Cartesian indices. The retarded correlation function is evaluated by the standard analytic continuation of the ͑bosonic Matsubara frequency͒ Fourier components of its imaginary time counterpart. 15 The imaginary time correlation function is calculated in perturbation theory
where ͗¯͘ 0 denotes a noninteracting system thermal average, and T ͕¯͖ is the usual -ordering operator. The S matrix is expanded in powers of the interaction Hamiltonian, and the resulting noninteracting system correlation functions are evaluated with the aid of Wick's theorem. As usual, the denominator in this expression cancels the ''disconnected'' terms in the diagrammatic expansion. If we include only electron-phonon interactions for the moment, the lowest nonvanishing term appears at fourth order, and makes the following contribution to the currentcurrent correlation function:
where A is the 2D system area. The Wick's theorem factorization of the phonon operator product expectation value leads to the product of two bare phonon Green's functions, defined by
It follows that, to leading order in electron-phonon interactions,
͑11͒
where ⌬͑q,q;i n ,i n Ј͒ϵϪA
͑12͒
The Feynman diagram corresponding to this contribution to the correlation function ͑11͒ is shown in Fig. 1 .
It will turn out to be important to account for disorder and anharmonicity in the lattice system. We will do so using a phenomenological approach by introducing a phonon mean free path l ph . However, since the intrinsic bulk phonon mean free path may exceed the dimensions of the sample, we should in principle take the surface scattering explicitly into account. For simplicity we will nevertheless use a single phenomenological mean free path and later, when we discuss the long mean free path limit in more detail, take boundary effects into account. The phonon Green's function is then
where ,Q ϭc ͱq 2 ϩQ z 2 , and l ph is the phonon mean free path.
Note that the wave-vector arguments in ⌬ i are 2D, since ⌬ i is a property of the 2D electron systems. One can therefore sum over and integrate over Q z to obtain a phononmediated effective interaction
This effective interaction is the 2D Fourier transform of the product of the phonon propagator between the layers and the electron-phonon interaction in each layer. With this definition, Eq. ͑1͒ becomes For further progress it is necessary to make some assumptions about the electronic systems. We will assume that the 2D electron layers are good metals with large k F l , where l is the electronic mean free path. It can then be shown that whenever the transport scattering time tr is independent of energy, the function ⌬ is related to the electron polarization function ͑q,͒ by
Here m* is the electron effective mass. Relation ͑17͒ is a property of the 2D electron layers only, and is not dependent on the phonon degrees of freedom. Assuming further that ͉ 12 ͉Ӷ ii , the transresistivity can be approximated as follows:
Using the Drude expression ( ii ϭe 2 n i tr i /m*) for the intralayer conductivities, which is valid under the above assumptions, the transresistivity due to the electron-phonon interaction is given by the following explicit expression;
͑19͒
The same expression for the phonon-exchange contribution to the drag can also be derived using semiclassical Boltzmann transport theory and a collision term with transition matrix elements calculated by summing over virtual and real intermediate states with absorbed and emitted phonons. Ambiguities can arise in that approach, however, from the portion of phase space where the relevant energy denominators approach zero. As we explain below this part of the phase space is important in determining the drag resistivity. Our Kubo function derivation allows finite phonon mean free paths, which remove any spurious singularities, to be incorporated into the calculation in a consistent and unambiguous manner.
Note that the explicit dependence of the transconductivity on the transport lifetime is absent in the transresistivity. ͑An implicit dependence remains through the dependence of the polarization function on disorder.͒ This aspect of the final expression, emphasized in recent work by Swierkowski, Szymański and Gortel, 17 is not accidental, and emerges naturally in a force-balance approximation where the drag force simply cancels the rate of momentum transfer per particle from the current carrying layer to the open layer.
D. Coulomb interaction and screening
In reality, electron-electron and electron-phonon interactions are simultaneously present, and both should be included in a drag calculation. To leading order, Coulomb interactions can be incorporated by simply adding 26 the interlayer Coulomb interaction to the phonon-mediated effective interaction in Eq. ͑19͒. One class of higher-order terms in which intralayer Coulomb interactions appear is captured by replacing the electronic polarization functions which appear in Eq. ͑19͒ by their interacting system counterparts. However, the most essential higher-order terms are those which account for the screening of both phononmediated and Coulombic interactions. In the RPA, the total interlayer screened interaction is given by
where U i j (q) is the unscreened Coulomb interaction, and
͑See, for example, Ref. 10 . The form of the phonon-mediated interlayer interaction in this reference is incorrect, however.͒ ⑀(q,) is the effective dielectric function for interlayer interactions in the RPA. Notice that when the contribution of interlayer interactions to the screening can be neglected, ⑀ is simply the product of the dielectric functions for the two layers, corresponding to independently screened electronphonon interactions in each layer. Coulomb and phonon-mediated interactions can be simultaneously included in the transresistivity simply by replacing D by W total in Eq. ͑19͒. Note that the transresistivity is not strictly the sum of purely ''Coulomb'' and ''phonon'' contributions, since there are interference terms proportional to UϫD in the ͉W 21 total ͉ 2 . However, the Coulomb contribution is large only for qՇ0.5k F ͓U(q)ϭ2e 2 exp(Ϫqd)/q when the finite thickness of the electron layers is neglected͔, whereas contributions from the D term come predominantly from q Ϸ2k F . Hence the interference terms are usually negligible, and in practice we will treat the Coulomb and phonon contributions as if they were incoherent. In what follows, we will concentrate on the ''phonon contribution,'' which will be calculated from Eq. ͑19͒, with only the D term in the numerator,
Note that it is important to retain the coupling between the Coulomb and phonon terms in ⑀, since this can influence the qϷ2k F contribution to the transresistivity.
III. PHONON-MEDIATED INTERACTION
IN GaAs/Al X Ga 1؊X As SYSTEMS
As mentioned earlier, the acoustic-phonon-electron interaction is weak in GaAs and Al x Ga 1Ϫx As. In this section we discuss quantitatively what ''weak'' means, and explain how phonons can make an important contribution despite this weakness. In Sec. IV we discuss how and when screening affects the phonon-mediated interaction.
A. Electron-phonon coupling in GaAs/Al x Ga 1؊x As
In GaAs/Al x Ga 1Ϫx As systems, electrons couple to acoustic phonons via deformation potential and piezoelectric couplings. Since we are concerned with low-energy excitations, only acoustic phonons in the long-wavelength limit have to be considered. In this limit, the squares of the e-ph coupling strengths for longitudinal and transverse phonons are, 27 respectively,
where is the mass density of the crystal, D is the deformation potential, eh 14 is the piezoelectric constant, c are sound velocities for longitudinal and transverse phonons, and A are the anisotropy factors,
. ͑25b͒
B. Approximate analytic form of D"q,…
While it is possible to obtain exact expressions for D from Eq. ͑14͒ including the full anisotropy functions ͓Eqs. ͑25a͒ and ͑25b͔͒ and the form factors for infinite square wells, these are extremely complicated. Therefore, we shall make some well-controlled approximations explained below which do not significantly affect the final results for the computed transresistivity.
As we shall see shortly, the phonon-mediated effective interactions are important only when is close to c q. For these 's the integral over Q z in Eq. ͑14͒ is dominated by contributions from near Q z ϭ0. We therefore remove all Q z -dependent factors, except for the small energy denominator, from the integral which defines D. For example, one can set Q z ϭ0 in the anisotropy factors given in Eqs. ͑25a͒ and ͑25b͒, yielding
Then the phonon-mediated effective interaction for two equivalent infinite square wells with width L and center-tocenter separation of d is
͑27͒
Here, 0 ϭm*/ប 2 , the two-dimensional electron-gas density of states ͑so that 0 D is dimensionless͒,
and
͑31͒
In the expressions above, the square root with a positive real part should be taken. , eh 14 ϭ1.2ϫ10 7 eV/cm, and DϭϪ13.0 eV͒, gives the following dimensionless coupling constants:
For the same subband wave functions, the bare interlayer and intralayer Coulomb interactions are given by
where q TF ϭ2e 2 0 is the Thomas-Fermi wave vector. ͑We have absorbed the bulk dielectric constant of the semiconductor in the electron charge.͒
C. Strength of D 21
For the RPA screened Coulomb interaction (U RPA ) in a single-layer system, the magnitude of 0 U RPA approaches 1 at long wavelengths. Although the corresponding value for double-layer systems is smaller, 3 it is useful to compare 0 D 21 to this value. For our present illustrative purpose we concentrate on the deformation potential term ͓i.e., the D very low-density electronic systems. Then, in the limit of vanishing quantum well widths and l ph →ϱ, we obtain
Note that the magnitude of the effective interaction diverges as q→/c l from above or below. ͓We point out that the transresistivity is strongly dependent on the width L, and therefore one should not take the L→0 limit when computing D. We use the full form given by Eq. ͑27͒ in subsequent numerical calculations.͔ The small prefactor C DP guarantees that the phononmediated effective interaction is small compared to the Coulomb interaction except near Ϸqc . The large value of the interaction in this region of phase space reflects the large phase space for intermediate states with small or vanishing energy denominators when Ϸqc . ͑Note that the phonon energy varies slowly with Q z for Q z near zero.͒
The importance for drag of the sharp peak in D 21 (q,) is enhanced by the fact that it appears squared in Eq. ͑19͒. As a result, phonons do play an important role in frictional drag, even though the typical value of 0 D 21 (q,) is small. In fact, if we ignore the effects of screening and let l ph →ϱ, we obtain an infinite transresistivity. This is easily seen from Eq.
͑35͒. The absolute value D 21 diverges like (c qϪ)
Ϫ1/2 as approaches c q from both above and below. Inserting this bare form of the interaction into Eq. ͑19͒ gives a ͉c q Ϫ͉ Ϫ1 divergence in the energy-transfer integral for every q, yielding an infinite transresistivity. This point does not seem to have been emphasized in the existing theoretical literature on this subject. As we show in the next two subsections, including either a finite mean free path or screening the interaction dynamically removes this spurious divergence.
In Fig. 2 Figure 2 partly explains how the ''weak'' phonon-mediated interaction can compete with the Coulomb interaction as a mechanism for drag.
D. Effect of screening
From Eq. ͑27͒, one sees that the presence of a finite l ph cuts off the divergence and leads to a finite transresistivity. Since the divergence in the integrand is of the form 1/͉ Ϫc q͉, it follows that 21 would be proportional to ln(l ph ) if screening were not important. When screening is included, the drag resistivity does not diverge.
As shown in Eqs. ͑21͒ and ͑20͒, screening is accounted for by dividing the bare interlayer interaction D 21 (q,) by a dielectric function ⑀(q,). Whenever D 21 (q,) diverges at ϭc q, so does ⑀(q,). The screened interaction is therefore nondivergent, even when l ph →ϱ.
As we explain below, screening becomes important for the phonon exchange drag only if the phonon mean free path exceeds a critical value l ph,crit . Since l ph,crit is close to realistic values, we investigate the two regimes separately in the following two sections.
IV. LONG MEAN FREE PATH LIMIT
In this section we focus on the large phonon mean free path limit, where a coupled electron-phonon mode turns out to be of utmost importance. First we discuss the ideal case of infinite l ph , where the coupled mode is broadened by the coupling to the electronic system only. In this case we find an analytic form for the coupled mode contribution. Second, in Sec. IV B, we discuss how the collective mode contribution is modified by a finite mean free path and the conditions for its experimental observation.
A. Infinite phonon mean free path limit
The approximate analytic results discussed below apply only for layer separations smaller than a large but finite maximum value which we specify below; for still larger layer separations the analytic analysis is less revealing, and we have relied more strongly on numerical studies.
We show below that for l ph →ϱ, the real part of ⑀(q,)
vanishes, and the imaginary part is small enough to yield a sharp collective mode for just below qc l which contributes strongly to the frictional drag between the two layers. To make the following discussion as transparent as possible, we limit our attention to the case of identical electron layers so that D 22 ϭD 11 and U 11 ϭU 22 . We locate the collective mode frequency 0 (q) by solving the equation Re͓⑀(q, 0 )͔ϭ0. We will be interested in momentum transfers near 2k F which make the main contribution to the drag and systems with k F dӷ1 so that we can neglect U 21 (q)ϰexp (Ϫ2k F d) . The small layer separation approximation mentioned above consists of setting D 11 ϷD 12 ϵD in Eq. ͑21͒, which is justified for
as we show later. With these assumptions
The collective mode in which we are interested occurs near ϭc l qӶv F q, and hence is in the low-frequency regime for (q,). 
͑38͒
In this equation ⑀ 0 ϭ1ϩq TF /q is the RPA static dielectric function for an isolated layer. The collective mode occurs where the real part of denominator of Eq. ͑38͒ vanishes at
This collective mode results from coupling of the electron layers to phonons with close to c l q. Expanding the denominator of Eq. ͑38͒ around the pole, we find that for close to 0 ,
where the width of the collective mode resonance is given by
Note that the width of the resonance is small compared to the shift of the resonance from c l q and that the resonance line
shape is approximately Lorentzian only if ␦Ӷ1. Where this condition is not satisfied, Eq. ͑40͒ will not be accurate.
Numerical calculations discussed below demonstrate that for l ph →ϱ the drag is dominated by coupling associated with this collective mode resonance. Since the effective interaction has a more rapid frequency variation than other quantities in the expression for the transresistivity ͓Eq. ͑19͔͒, we may approximate the screened interaction near the resonance by a ␦ function:
This approximation allows the frequency integral in Eq. ͑19͒ to be performed, and the contribution from the coupled mode to the transresistivity may be expressed as
͑43͒
where ␣ϭ6 for the longitudinal phonons and ␣ϭ2 for the transverse phonons, and where
The q 6 /⑀ 0 3 term in the integrand above implies that for T տT BG ϭ2បc l k F /k B , the main contribution to the integral comes from the qϭ2k F region; i.e., large-angle scattering dominates the phonon-mediated drag.
Comparing with Eq. ͑2͒ we see that, at least for l ph →ϱ, the phonon-mediated drag can be comparable to or stronger than Coulomb drag, in spite of the weak electron-phonon interactions. Crudely the condition which needs to be satisfied is that T BG is low enough or the layer separation is large enough that C DP
For typical layer densities in GaAs, this condition is satisfied for layer separations larger than a few tens of nanometers, consistent with experimental observations. When phonon-mediated drag is dominant, 21 will be proportional to temperature for TӷT BG . Below T BG there will be a crossover to a regime where the piezoelectric contribution dominates and the temperature dependence goes approximately as T 5 . This can be seen from Eq. ͑43͒ by defining an integration variable proportional to q/T, and taking the q dependence of ⑀ 0 into account. We shall discuss this further in Sec. VI A. At extremely low temperatures, the assumption that the drag rate is determined by the resonance Ӎc l q will break down. 21 is then dominated by the ϭ0 limit of D 21 and will revert to the familiar T 2 law for carrier-carrier scattering in a Fermi liquid.
Recall that we used D 21 ϷD 11 to obtain the above results. From Eq. ͑27͒,
Hence, for the approximation D 11 2 ϪD 21 2 Ϸ0 to be valid, one must have 2qdͱ2(1Ϫ 0 /c l q)Ӷ1. Together with Eq. ͑39͒, this gives the condition Eq. ͑36͒. For l ph →ϱ, the preceding approximate calculation implies that there is no layer separation dependence until this length, which for GaAs and typical densities corresponds to dϳ5000 Å, is reached. Numerical results show, however, that there is a weak distance dependence on the transresistivity in this large-l regime. This stems from the presence of a relatively long nonLorentzian tail for Ͻc l q which contributes significantly to the integral, as we will discuss below. At larger layer separations, the interlayer phonon propagator D 21 is reduced at the collective-mode frequency and the two electron layers interact with the phonon system more independently. We must then use a more refined expression for the effective interaction:
A competition occurs between a decline in the coupling due to suppression of the interlayer propagator D 21 and resonant enhancement of the electron-phonon interaction near each electron layer.
B. Coupled electron-phonon mode with finite mean free path
The above analysis is based on phonons with an infinite mean free path, apart from the finite lifetimes due to interactions with the electronic layers. Any real system will have imperfections which will make the phonon lifetime finite even when the electron layers are not present. Even when the lattice is perfect and free of isotopic impurities, anharmonicity and boundary scattering will cause phonon modes to decay. In the following we represent all these effects in the simplest possible way by assigning a common phenomenological mean free path l ph to all modes.
The occurrence of coupled phonon-plasmon collective modes, signaled by by a zero in the Re͓⑀(q,)͔, requires a cancellation between phonon-mediated and Coulomb interaction contributions. In the present section we will consider the limit in which the phonon-mediated contributions to ⑀(q,) can be neglected, i.e., the limit in which ͉ 0 D͉Ӷ1 for almost all energy and momentum transfers and for both intralayer and interlayer propagation. We will see that this condition is satisfied except at long phonon mean free paths.
For close to qc l and finite l ph ͑but large compared to
where l is defined in Eq. ͑28͒, and 1Ϫ , the critical mean free path is approximately l ph,crit Ϸ0.2 mm. The actual mean free path of course depends on the sample in question.
It is often the case that scattering of phonons off the boundaries of the sample can be accounted for by taking the mean free path in the absence of bulk scatterers to be equal to the sample size. We argue below that for the present problem, the sample size in the z direction is usually irrelevant, and that the maximum mean free path is given by the typically larger lateral dimension of the sample.
The phonons which contribute to the coupled mode are those which are confined around the two-dimensional electron gases ͑2DEG's͒. The extent of the confinement is given by range D 21 in the z direction ͑i.e., perpendicular to the 2DEG's͒. To study the z-direction range of the phonon field participating in the collective mode, we look more closely at which z region actually contributes to the coupling. We write the effective phonon-mediated interaction given in Eq. ͑14͒ as 
͑50͒
For a given q and , the spatial extent in the z direction of K(q,ϩi␦,z) gives the range of the phonon field. Since the collective-mode frequencies are very close to ϭc l q, the relevant phonon wave vectors in the z direction are small, and the same approximations used previously can also be applied here, yielding an approximate form for K given by Eq. ͑35͒ with d replaced by ͉zϪzЈ͉, i.e., K(q,ϩ␦,zϪzЈ) ϳexp(Ϫ͉zϪzЈ͉ͱq 2 Ϫ 2 /c l 2 ). The spatial extent of the phonon field participating in the collective mode can be found by substituting the frequency for mode 0 It is plausible that some existing experimental results are for samples with l ph in the lateral direction comparable to this critical mean free path, and hence partially reflect col-lective excitations of the electron-phonon system. However, more experiments are needed before definite conclusions can be drawn.
V. SHORT PHONON MEAN FREE PATH LIMIT
In the present section, we will consider the limit in which phonon-mediated contributions to ⑀(q,) can be neglected, i.e., l ph Ӷl ph,crit . We begin our discussion by addressing the distinction between the real and virtual phonon contributions. This we do partly due to somewhat confusing use of these terms in the existing literature.
A. Real and virtual phonons
The phonon-mediated effective electron-electron interaction D 21 (q,), obtained here from diagrammatic perturbation theory, can also be derived ͑with a little more work͒ using elementary time-dependent perturbation theory starting from an expression of the form 29
Here ͉i͘, ͉ f ͘, and ͉I͘ are the initial state, the final state in which momentum has been transferred between the layers, and an intermediate state in which the momentum to be transferred is carried by a nonequilibrium phonon. The infinitesimal imaginary part i in the denominator enforces causality, 29 and plays a crucial role when intermediate and initial or final states are close in energy. In time-dependent perturbation theory, this form of effective interaction determines the transition rate between initial and final states when the perturbing term in the Hamiltonian, the electron-phonon interaction in the present case, does not directly couple initial and final states. We therefore expect the phonon-mediated effective interaction to play the same role in transport experiments as the interlayer Coulombic interaction which does have direct matrix elements between initial and final states. The intermediate state need not conserve energy, and, in the jargon of time-dependent perturbation theory, is consequently referred to as a virtual state.
The intermediate states are ones where a phonon of momentum Qϭ(q,Q z ) has been created or destroyed by an electron in layer 1 or 2. Summing over four intermediate states for each Q z , and performing thermal averages, gives the following expression for transition matrix elements with 2D wave-vector transfer q:
͑52͒
Equation ͑14͒ reduces to this form for l ph →ϱ, except that we have, for simplicity, retained only the longitudinal phonons in the present discussion.
Recalling that ប is the energy transferred between the layers, and ប Q is the energy of the intermediate phonon, when the denominator vanishes in Eq. ͑52͒ energy is conserved in the intermediate state. Therefore, the real ͑imagi-nary͒ part of the term in the square parentheses gives the virtual ͑real͒ phonon contribution. In analogy, we define the virtual-phonon exchange contribution to the effective interaction as the contributions from Re D in Eq. ͑14͒, and the real-phonon exchange contribution as that from Im D. Ignoring the anisotropy factors in the phonon matrix elements for the deformation potential, it turns out that in the l ph →ϱ limit, the entire Ͻc l q contribution to D 21 is ''virtual'' and the entire Ͼc l q contribution is ''real.'' In general, the division between the contributions are not so clearcut; at a given and q both virtual and real contributions could exist simultaneously.
In a semiclassical transport theory, real-phonon processes result in a nonequilibrium distribution of phonons in a coupled electron-phonon Boltzmann equation. In Appendix A we derive an expression for the real-phonon exchange contribution to the drag resistance using such a coupled Boltzmann equation approach, and explicitly demonstrate its equivalence to the purely real-phonon contribution of D 21 to the drag. The appearance here of both virtual-and realphonon contributions to the transresistivity in a single Feynman diagram is reminiscent of the appearance of both contributions to the quasiparticle scattering rate [30] [31] [32] in the phonon exchange contribution to the electron self-energy of a 3D electron-phonon system.
B. Reciprocal-space calculation
In the following subsections we elucidate the physics of the drag for short phonon mean free paths. When l ph Ӷl ph,crit , we can set the D i j factors in the expression ⑀ to zero. The screened interlayer interaction is then simply
where we have taken the static limit of appropriate for temperatures comparable to T BG . The transresistivity is then given by
We have factored terms which vary slowly with respect to out of the integration, since D 21 (q,) is relatively sharply peaked around ϭc l q. From Eqs. ͑27͒ and ͑31͒, 0 D 12 for Ϸc l q is given approximately by
where
, and f cut ( q) is a function ͑depen-dent on the form factor͒ which cuts off at qϳL Ϫ1 . In the c l qϾ case, the effective interaction is dominated by virtual phonon exchange, whereas, in the Ͼc l q case, the integral is dominated by energy-conserving intermediate states and the effective interaction is due to real-phonon exchange. The analytic expression for the integral is complicated in the small region where ͉Ϫc l q͉Ͻc l /l ph , and we ignore it in our treatment below. The smaller l ph is, the wider this region becomes, and hence the expressions derived below are not quantitatively valid for small l ph ͑below 10 4 nm for typical parameters in GaAs͒; however, the expressions seem to exhibit the correct qualitative behavior when compared to numerical calculations even for small l ph .
Parameters of experimental systems studied to date satisfy the inequalities l ph ӷdϾL and (2k F L) 2 ӷ1. It follows that for near c l q the integrand of the frequency integral in the drag resistivity expression is proportional to q
Ϫ1 . The logarithmic divergence of the integral is cut off at small q by the validity limits in Eq. ͑55͒, and at large q by the exponential suppression factors or cutoff functions which appear in Eq. ͑55͒. For the real-phonon contribution we find
͑56͒
and Ei(x)ϵ͐ Ϫϱ x dt exp(t)/t is the exponential integral, which has the limiting behavior
The upper cutoff q max reflects the fact that it is impossible to excite phonons with a z-wave vector larger than L Ϫ1 . The q integration in Eq. ͑56͒ can by physically interpreted as follows. The velocity component of a phonon in the z direction is approximately c l q/q, and hence the time taken to travel a distance d in the z direction is
The exponential factor in Eq. ͑56͒ is exp(Ϫt trans c l /l ph ), which is the probability that a real phonon emitted from one layer reaches the other. For the virtual-phonon contribution we find
where q z,min v ϭ(q/2l ph ) 1/2 is also given by the validity limit in Eq. ͑55͒. The term in the exponent can be interpreted as the probability that a virtual phonon emitted by one layer reaches the other. The lifetime of the virtual state which is given by the energy-time uncertainty relation ⌬tϳ(q/c l Ϫ) Ϫ1 ϳ q 2 /c l q. The probability is exp(Ϫt trans /⌬t), where the transit time is given in Eq. ͑59͒. This gives the exponential factor, and hence the distance dependence in Eq. ͑60͒.
Only the sum of the two contributions will be observed in experiments. Adding the two terms yields
l ph exp͑ϪqLd/l ph ͒/͑ qLd͒, qLd/l ph ӷ1.
͑61͒
Inserting Eq. ͑61͒ into Eq. ͑54͒, we obtain
͑62͒
where K was defined in Eq. ͑44a͒, and again ␣ϭ6 for ϭl and ␣ϭ2 for ϭt. The argument of the exponential integral was replaced by the typical value l ph /2Lk F d since it varies slowly over the large-angle scattering region which dominates the integral (
gives low-T power laws for 21 of T 10 for ϭl and T 6 for ϭt.
The distance dependence in the short phonon mean free path limit has now been made explicit; as d is increased, the transresistivity falls logarithmically when l ph /2Lk F dտ1, and exponentially when l ph /2Lk F dՇ1. The dependence of the transresistivity upon temperature, electron density, and the ratio of the electron densities n 1 /n 2 is given by the remaining integral over the wave vector, which essentially expresses the phase space available for large angle scattering, as we shall discuss in Sec. VI.
C. Real-space calculation
In many physics problems, translational invariance and time independence makes reciprocal-space calculations, like the one presented in Sec. V B simple and convenient. It is often the case, however, that the corresponding real-space calculations provide a useful alternate language for physical interpretation. In the present case the frequency integral in Eq. ͑54͒ is equivalent to an integral over time,
and the real-time, retarded, phonon propagator is given by
where ph ϭl ph /c l . Since the important values of Q z are small compared to q, we can expand
Notice that the phonons have a quadratic dispersion in the Q z direction, but a linear dispersion in the plane of the electron layers. The Q z integration in Eq. ͑64͒ can now be performed if we model the density profiles as Gaussians, so that
͑67͒
This expression suggests a picture in real time for the phonon-mediated interaction. The integrand of the time integral is recognized as a wave packet which is centered around one well, and which broadens and decays as time evolves. When the wave packet is broad enough to reach the other well, a transfer of momentum ͑parallel to the layers͒ can occur. The distance dependence of the interaction is determined by the time dependence of the intensity of the phonon field disturbance at the other well. Since d 2 ӷL 2 there will be no contributions to the integral in Eq. ͑67͒ until tӍt* ϭqLd/c l which corresponds to the time it takes the wave packet to reach the second well. For tϾt* the square of the amplitude of the wave packet at the second well ͓the integrand in Eq. ͑67͔͒ falls off as 1/t until it is eventually cut off at tӍ ph . If ph Ͻt*, then only the exponentially small tail of the phonon field impinges on the second well. Defining sϵc l t/qLd the time integral, Eq. ͑67͒ can be written
͑68͒
This integral cannot be evaluated analytically, but as sϾ1 the term exp(Ϫ1/2s 2 ) can be approximated by unity. The resulting integral then yields Eq. ͑61͒. Therefore, the d dependence of 21 can be interpreted as coming from the interplay of the layer separation and the range of the phonons, which mediate the drag.
In the regime of short phonon mean free paths, the drag is mediated by damped phonons, some of which spread over large distances in the z direction. Hence in this regime the boundaries in the z direction will limit the effective l ph .
When boundary scattering dominates, a complete theory would require a realistic description of phonons scattering off the sample boundaries. This is in contrast to the limit l ph ӷl ph,crit , where the drag is dominated by a coupled mode which is localized on the length scale of d B , and boundaries beyond this range are irrelevant.
VI. NUMERICAL RESULTS
The results presented in this section were obtained by numerical evaluation of the transresistivity formula ͓Eq. ͑19͔͒ using the complete expressions for both the effective interaction ͓Eq. ͑14͔͒ and the screening function ͓Eq. ͑21͔͒. Although these numerical calculations are free of some of the approximations used in the preceding sections in order to obtain transparent analytic results, we do not expect them to be exact. In particular, corrections to the random-phase approximation for screening must have some quantitative importance, and are difficult to estimate reliably.
Except where noted, the layer density was chosen to have the typical value n 1 ϭ1.5ϫ10
11 cm Ϫ2 which yields a Fermi temperature of T F ϭ F /k B Ӎ60 K. The GaAs material parameters are taken from the literature, and were given in Sec. III B.
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A. Temperature dependence
As mentioned in Sec. I the transresistivity increases roughly as T 2 at low temperatures if the effective interaction between the layers is frequency independent. Deviations from this behavior are indicative of retarded effective interactions. In particular, the phonon-mediated contribution to 21 grows approximately as T 10 for the deformation potential, and as T 6 for the piezoelectric contribution. Both cross over to a linear dependence on T at approximately their respective Bloch-Grüneisen temperatures. In Fig. 3 , we plot 21 /T 2 as a function of T. The shape of this curve is a result of an effective interaction which, for each q, is sharply peaked as a function of frequency around ϭc l q. This peak in the frequency integral, which produces the dominant contribution to the phonon-mediated drag, is cut off exponentially by the thermal phase-space factor when បc l qϾ2k B T. This implies that only phonons with energies less than the temperature can participate in the drag. The crossover from T 5 or T 6 ͑where the piezoelectric coupling dominates͒ to a linear T dependence of 21 ͑hence the peak in 21 /T 2 ͒ occurs when the 2k F phonons, which are responsible for most of the momentum transfer in the systems, can be excited. The peak is expected to occur near the temperature scale T BG ϭប2c l k F /k B , which is 7.8 K for the parameters used in Fig.  3 . It in fact occurs at around T peak Ϸ2.5 KϷT BG /3. For T տT BG the contribution of the deformation-potential phonons is approximately 50-100 times greater than that of the piezoelectric phonons for the parameters used in the figure.
We also plot the results of Eq. ͑43͒ and the experimental results from Ref. 4. One can see that for the long mean free path approximation, and small layer separation, Eq. ͑43͒ underestimates the contribution of the mode. An investigation of the integrand indicates that this is due to a rather long non-Lorenzian tail in the Ͻc l q regime, which can be seen in the solid curve of Fig. 8 discussed below .
Comparison of the magnitude of the experimental points and the theoretical curves seems to indicate that effects of the collective mode have been observed. However, as we caution in Sec. VI D, this should not be construed as definitive proof of the existence of the mode.
B. Density dependence
From Eqs. ͑43͒ and ͑62͒ the transresistivity at matched densities is proportional to 1/n 2 times an integral whose value primarily reflects the allowed phase-space volume for an exchange of phonons with large planar and small perpendicular momenta. The maximum planar momentum transfer qϭ2k F is proportional to the square root of the density. At temperatures larger than T peak , the phase-space integral should therefore increase with density, reflecting the larger possible momentum transfers. At temperatures well below T peak , on the other hand, phonons at qϭ2k F cannot be exchanged, and a higher-density cannot be exploited. Consequently, in the case where the density is changed at a fixed temperature, the following behavior should be observed. For low densities, the increase in density n permits larger momentum transfers, thus increasing the transresistivity. At some n, a further increase does no good as the 2k F wave vectors cannot be excited, and this leads to an overall decrease in 21 . The resulting curve for 21 has a bump or maximum as a function of the density. The position of the bump or maximum increases with increasing temperature, for the reasons stated above. Figure 4 shows the density dependence of the transresistivity for four different tempera- tures, Tϭ1, 2, 3, and 4 K and l ph ϭ1 m ͑short mean free path regime͒ and 1 mm ͑coupled-mode-dominated regime͒. While the general features discussed above are seen in both regimes, Fig. 4 still shows a qualitative difference between the two. The reason is twofold. A comparison of Eqs. ͑43͒ and ͑62͒ reveals that there is an extra factor of Im͓͔ in the integrand of Eq. ͑62͒. Since Im͓͔ decreases with increasing k F , 21 falls faster with increasing density in the short mean free path regime than in the coupled-mode regime. More importantly, l ph,crit is strongly dependent on density: l ph,crit ϰ(2k F ϩq TF ) 2 /k F 5 . Hence increasing the density can make the coupled mode more and more dominant and lead to an increase of 21 . As seen in Fig. 4 , the difference in density dependence could provide a clue regarding which of the two regimes prevails in a particular sample.
C. Density-ratio dependence
The transresistivity is strongly dependent on the electrondensity ratio n 1 /n 2 . For temperatures well below the Fermi temperature, the maximum planar momentum transfer is q ϭ2k F,min , where k F,min is the Fermi wave vector of the electron gas with the lowest density. Decreasing one density will lead to a decrease in 21 ; a decrease also occurs if one density is increased because of the general 1/n 1 n 2 dependence. The resulting peak at equal densities, illustrated in Fig. 5 , is independent of temperature and does not occur for the Coulombic drag mechanism ͑in the absence of any plasmon effects 14, 16 ͒. This difference was used 4 to separate Coulomb and phonon drag mechanisms experimentally when the layer separation is sufficiently small that the Coulomb mechanism is of comparable importance.
The calculations were done for both short and long mean free path regimes. However, the shape of the curves are so much alike that it is unlikely that a density-ratio measurement can be used to differentiate these two regimes in an experiment.
D. Mean free path dependence
In Sec. VI C we explained that there is a critical l ph beyond which a collective mode appears which enhances the overall transresistivity. In Fig. 6 , we plot numerical results for the transresistivity as a function of the mean free path for Tϭ3 K and dϭ50 nm. For l ph Ͻl ph,crit , we are in the regime where the electron-phonon interaction is separately screened in the two layers, and 21 increases logarithmically with l ph . We see in Fig. 6 , when the mean free path exceeds l ph,crit and the collective mode starts to emerge, that the transresistivity increases more rapidly before saturating at a value given roughly by the estimate given in Eq. ͑43͒. By splitting the contributions into real (Ͼc l q), virtual (c l q Ϫӷ 0 ), and coupled modes (Ϸ 0 ), we show in the inset of Fig. 6 that the increase in 21 which occurs when l ph exceeds l ph,crit comes mainly from the coupled-mode contribution.
In the low-temperature regime where the drag experiments were performed, l ph is certainly sample dependent, but should be temperature independent for a given sample.
Extrapolating the logarithmic l ph dependence ͑i.e., which neglects effects of collective screening͒ in Fig. 6 for the d ϭ50 nm case, we find that the value of l ph required to fit measured values 4 of 21 (Ϸ12 m⍀) are ͑literally͒ astronomical in magnitude. This could be taken as evidence of the importance of cooperative screening and collective modes in present experimental systems. On the other hand, our numerical calculations are dependent on random-phaseapproximation estimates of Im , which are likely to require substantial numerical revision 34 especially in the important region near qϭ2k F . These corrections will increase Im , and could possibly boost the theoretically calculated 21 to experimental values without invoking the coupled electronphonon mode. The random-phase approximation for the screening function can also lead to a quantitative discrepancy. Hence we do not claim that there is incontrovertible experimental evidence for the existence of the coupled electron-phonon mode.
E. Layer separation dependence
It is possible to prepare a series of double-quantum-well systems which are substantially identical apart from the FIG. 5 . The scaled transresistivity 21 T Ϫ1 n 1 /n 2 as a function of the density ratio n 1 /n 2 for ͑in increasing order͒ Tϭ1, 2, 3, 4, 5, and 6 K, n 2 ϭ1.5ϫ10 11 cm
Ϫ2
, dϭ50 nm, ͑a͒ l ph ϭ1 m, and ͑b͒ l ph ϭ10 cm. Other parameters are as in Fig. 4.   FIG. 6 . The transresistivity as a function of the mean free path, for dϭ50, 3000, and 5ϫ10 4 nm ͑solid, dotted, and dashed lines, respectively͒. The density is 1.5ϫ10 11 cm Ϫ2 , and Tϭ3 K. Inset: Real-phonon, virtual-phonon, and coupled-mode contributions ͑dot-ted, dashed, and solid lines, respectively͒ for transresistivity as a function of mean free path, for dϭ50 nm and Tϭ3 K.
separation between the 2D electron layers.
4, 35 Experiments on such a series of samples will give a more certain indication of the operative phonon exchange regime than experiments on a single sample.
In Fig. 7 we plot the transresistivity as a function of the separation between the wells, for various phonon mean free paths. For l ph small enough that the collective mode has not developed, 21 exhibits a purely logarithmic dependence on d, until d exceeds l ph /(2k F L), when it begins to fall exponentially. For l ph տl ph,crit , the behavior is more complex.
The collective mode develops, and 21 is considerably enhanced. For small d, our numerical results suggest that 21 also decreases logarithmically with d, in contradiction with the d independence implied in Eq. ͑43͒. Figure 8 , which shows the integrand of the transresistivity expression as a function of frequency at qϭ2k F , indicates that there is a substantial non-Lorenzian tail for Ͻc l qϪ 0 , which is not taken into account in the analysis leading to Eq. ͑43͒. This tail contributes to the nearly logarithmic d dependence in the regime where the collective mode contributes significantly.
Another surprising result is that, in this regime, 21 does not decrease monotonically as d is increased. Instead there is a peak when dϷͱl ph,crit /k F . Beyond this layer separation, the electron-phonon collective mode of the double quantum well begins to decouple into two weakly coupled modes centered around each well. This is illustrated in Fig. 8 , where we compare the frequency integrands for dϽͱl ph,crit /k F and d
Ͼͱl ph,crit /k F . As d is increased further beyond ͱl ph,crit /k F , the transresistivity eventually resumes its decline.
VII. SUMMARY AND CONCLUSIONS
Phonon exchange contributes importantly to the frictional drag resistance between nearby electron layers, and is the dominant drag mechanism at large two-dimensional layer separations. In this paper we reported on a thorough theoretical analysis of this drag mechanism. We find that drag includes contributions due to exchange of both virtual and real phonons, and that coupled collective modes of the 2D electron and 3D phonon systems can play a role depending on sample geometry and material parameters. We distinguish two regimes based on the relationship between the phonon mean free path and a crossover length scale l ph,crit which is typically of the order of 0.2 mm. It is possible that the mean free path for high quality molecular-beam epitaxy grown heterostructures can exceed l ph,crit at low temperatures.
In the short mean free path regime the dominant drag processes at momentum transfer q have an energy transfer just below c l q for virtual phonons, and just above c l q for real phonons. The drag rate in this case decreases logarithmically with layer separation d, until d reaches d a ϭl ph /2k F Lϳl ph . The weak layer separation dependence comes nearly entirely from the virtual-phonon exchange contribution. For dϾd a , the virtual-phonon exchange contribution is small and the real-phonon exchange contribution decreases exponentially with layer separation. The real-phonon exchange contribution to the drag is consistent with expectations based on the coupled Boltzmann equations for the electron and phonon systems, and the exponential falloff for d Ͼd a can be understood in terms of the decay length for the disturbance of the steady-state phonon system as the result of current flowing in one of the electron layers.
For samples with phonon mean free paths larger than l ph,crit , a collective mode involving both electronic and lattice degrees of freedom emerges below the continuum of 3D phonon energies with 2D wave vectors q near 2k F . The existence of this mode enhances the drag. In this regime the drag also has a roughly logarithmic layer separation, until d reaches another crossover length d B ϭ(1ϩq TF /2k F )/ 16k F C DP . For typical samples, d B ϳ0.5m. At this layer separation the collective mode separates into weakly coupled modes associated with the individual 2D layers. Although the drag has a complicated and nonmonotonic layer separation in this regime, it does ultimately decline with increasing d. These findings are summarized in long distance dependence of the phonon-mediated drag resistivity. More experimental work will be needed to understand the range of possible behaviors and their dependence on system parameters. We note, however, that the preliminary experimental results by Gramila et al. 35 are consistent with a logarithmic d dependence.
